On metabelian galois coverings of complex algebraic varieties by Mohajer, Abolfazl
ar
X
iv
:1
91
2.
11
02
6v
1 
 [m
ath
.A
G]
  2
3 D
ec
 20
19
ON METABELIAN GALOIS COVERINGS OF COMPLEX ALGEBRAIC
VARIETIES
ABOLFAZL MOHAJER
Abstract. Let f ∶ X → Y be a finite ramified Galois covering of algebraic varieties de-
fined over the complex numbers. In this paper, we prove some structure theorems for such
coverings in the case that the non-abelian Galois group of the cover is metabelian (in partic-
ular metacyclic). Our results extend the previous ones, obtained by several authors, in the
case of abelian and dihedral Galois coverings. In analogy with the abelian (and generalizing
the dihedral) case, we find ”building data” of metabelian covers from which the cover can
be reconstructed. In addition to analyzing several examples, we compute invariants and
eigensheaves of the group actions of the coverings under study with some applications.
1. Introduction
The theory of branched (or ramified) coverings has its origins in continuation of analytic func-
tions and the attempts to find maximal analytic continuations of a given function. Taking
complex root functions such as f(z) = √z shows that they are multi-valued in certain subdo-
mains of the complex plane, so when trying to continue along the closed curve one might arrive
at another branch of the multivalued function, not the original one, so the values do not match.
The idea of Riemann surfaces offers a geometric way to deal with this problem by introducing
a Riemann surface as the natural domain of
√
z and similar functions. One can picture the
Riemann surface for
√
z as two sheets coming together at z = 0. As such, it can be considered
as a covering P1 → P1 of degree 2 branched over 0 and ∞.
The Riemann surfaces appeared in Bernhard Riemann’s inaugural thesis in 1851 and are con-
sidered the first examples of covering spaces. Riemann’s breakthrough, the Riemann existence
theorem asserts that such coverings of (compact) Riemann surfaces are classified by the so-called
(monodromy) permutation representation of the complement of the branch points.
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The study of Galois coverings of algebraic varieties, i.e. maps π ∶ X → Y such that π exhibits Y
as a quotient X/G for a finite group G has since then been an interesting and fruitful subject
with many applications in algebraic geometry. This is equaivalent to solving equations with
the coefficients in the function filed of the base variety Y . As some applications, one can point
out the construction of algebraic surfaces with a prescribed Chern invariants, see [12], or the
use of abelian covers to inquire the existence of Shimura subvarieties in the moduli space of
abelian varieties, see [9], [10]. However, in most cases the Galois coverings were abelian, due to
rich and well-known properties, such as simple representation theory or more basic equations,
which made them as, as described in ([14]), ”quite user-friendly”.
According to [4], Comessatti [3] was the first to study Galois covers with abelian Galois group
G and their topological properties. In [11], Pardini described the abelian Galois covers of non-
singular algebraic varieties over the complex numbers (although her methods can be extended
to any algebraically closed field of characteristic coprime to n). The analysis in this case uses
the decomposition of π∗OX = ⊕
χ∈G∗
Lχ and the OX[G]-sheaves Lχ are invertible. The cover is
then determined by the so-called building data, a collection of data {Lρ ⊗ Lχ′ → Lχχ′}χ,χ′ (or
equivalently a collection of global sections {L−1χ ⊗L−1χ′ ⊗Lχχ′}χ,χ′) which endows ⊕
χ∈G∗
Lχ with
the structure of an OY -algebra constructing the cover as π ∶ Spec( ⊕
χ∈G∗
Lχ)→ Y .
The above mentioned results motivate the study of non-abelian Galois covers using such OX[G]-
sheaves to construct building data for the cover. The non-abelian Galois covers are, at least
in comparison with the abelian case, relatively unexplored. The studies are mostly sporadic
and dedicated to elementary and small non-abelian groups, see for example [14] or [7]. More
recently, F. Catanese and F. Perroni described the algebro-geometric properties of the dihedral
Galois covers of algebraic varieties in [4] using the theory of cyclic covers from [5] to construct
building data for the dihedral covers, see also [6].
One of the most useful features of the dihedral group of which the analysis in [4] takes advantage
is that Dn is a metacyclic group. Namely, Dn sits in the following short exact sequence of groups
0→ Z/nZ→Dn → Z/2Z→ 0
The two maps above give a corresponding factorization π∶X
p
Ð→ Z
q
Ð→ Y , where p, q are cyclic
covers and hence the theory in [5] or [11] can be applied. This motivates considering the
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metacyclic or more generally metabelian covers (see Definition 3.1) and trying to generalize
the results of [4] by technics which are available for abelian covers. This is the aim of the
present paper. Using the complex representation theory of metabelian and metacyclic groups,
we also prove some results about the eigenspaces of the action of the group on direct image
sheaf π∗OX and the direct summands of this action. Furthermore, we describe the function
fields of metacyclic covers. We also explore several examples of metabelian covers with their
properties.
2. Structure of abelian Galois coverings
In this section we describe the building data of an abelian cover and the construction of the
cover using these data and the relations among them. Furthermore, we prove some extensions
of the results of [4] and [11] to the normal varieties using theory of reflexive sheaves. Notations
come mostly from [5] and [11].
Let W be a smooth complex algebraic variety and V a normal one and f ∶V →W be an abelian
Galois covering. By this we mean precisely that there exists a finite abelian group G together
with a faithful action of G, such that f realizes W as the quotient of V by G. Such Galois
coverings of algebraic varieties have been studied extensively, especially in ([5] and [11]).
Our assumptions imply that there is a decomposition f∗OV = ⊕
χ∈G∗
L−1χ , where each Lχ is an
invertible sheaf onW on which G acts by character χ. So in particular, the invariant summand
L1 is ismorphic toOW . The algebra structure on f∗OV is given by the (OW -linear) muliplication
rule µχχ′ ∶ L−1χ ⊗ L
−1
χ′ → L
−1
χχ′ and compatible with the action of G. Consider the ramification
and branch divisors R,D of f . Note that R consists precisely of those points with non-trivial
stabilizers in V under the action of G. Furthermore under our assumptions f is flat and so D
is a Cartier divisor and R is Q-Cartier. For every component T of R, the subgroup of G fixing
elements of T pointwise is a cyclic subgroup HT , its so-called inertia group. Also, if Di is an
irreducible component of the branch locus D, then all of the elements of f−1(Di) have the same
inertia group which we denote by Hi. The order mi of Hi is the ramification order of f over
Di and the representation of Hi obtained by taking differentials and restricting to the normal
space to Di is the faithful character χi.
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Let D1,⋯,Dr be the irreducible components of D. The choice of a primitive m-th root of unity
ξ amounts to giving a map {1,⋯, r} → G, the image gi of i under which is the generator of the
cyclic group Hi that is sent to ξ
m/mi = ξmi by χi. The line bundles Lχ and divisors Di each
labelled with an element gi as described above are called the building data of the cover. These
data are to satisfy the so-called fundamental relations and determine the cover f ∶ V → W up
to deck automorphisms. Let us write these relations down. For i = 1,⋯, r and χ ∈ G∗, let
aiχ be the smallest positive integer such that χ(gi) = ζmaiχ/mi . For any two characters χ,χ′,
0 ≤ aiχ + aiχ′ < 2mi, so
ǫiχ,χ′ = [
aiχ + a
i
χ′
mi
] =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 aiχ + a
i
χ′ ≥mi
0, aiχ + a
i
χ′ <mi
and we set Dχ,χ′ =
r
∑
i=1
ǫiχ,χ′Di. Then, the fundamental relations of the cover are the following:
Lχ +Lχ′ ≡ Lχχ′ +Dχ,χ′ .(2.0.1)
In particular, if χ′ = χ−1, then
Lχ +Lχ−1 ≡Dχ,χ−1 ,(2.0.2)
and Dχ,χ−1 the sum of the components Di, where χ(gi) ≠ 1. The cover f ∶ V → W can be
recovered from the fundamental relations 2.0.1 by first defining the variety X inside the vector
bundle L = ⊕χ≠1Lχ by the equations
(2.0.3) zχzχ′ = (∏
i
s
ǫ
i
χ,χ′
i )zχχ′
where zχ is the fiber coordinate of the bundle Lχ which can also be viewed as the tautological
section of pull-back of the bundle Lχ to L and si ∈ H0(W,OW (Di)) is the (pull-back to L
of the) defining equation for Di for i = 1,⋯, r. This is naturally a W -scheme and is flat over
W . Conversely, for every choice of the sections si, equations 2.0.3 define a scheme V flat
over W which is smooth if and only if each Di is smooth, the union ∪Di has at most normal
crossing singularitires and at any intersection points ∩Dil , the product ∏Hil injects into G.
We therefore have the following fundamental theorem proven in [11].
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Theorem 2.1. Let G be a finite abelian group. Let V be a normal algebraic variety and W a
smooth one and let f ∶V →W be an abelian cover with Galois group G. With the notations as
above, the following set of linear equivalences hold.
(2.1.1) Lχ +Lχ′ ≡ Lχχ′ +Dχ,χ′ ∀χ,χ′ ∈ G∗.
Conversely, a set of data {Lχ}χ∈G∗ ,{Dχ,χ′} consisting respectively of invertible sheaves and
reduced effective divisors on W satisfying the relation 2.1.1 determines an abelian cover. When
W is furthermore complete, this abelian cover is unique.
Next, let V be an irreducible normal variety but W not necessarily smooth. Note that since
W = V /G, it follows that W is also an irreducible normal variety. Consider the smooth locus
W 0 and set V 0 ∶= f−1(W 0). Then the cover f0 ∶= f ∣V 0 ∶V 0 →W 0 is an abelian cover of the type
that we described above. In particular, it is determined by the line bundles (L0χ)χ∈G∗ such that
f0∗OV 0 = ⊕χ∈G∗L0χ and reduced effective divisors (D0i ) on W 0 without common components
such that 2.2.1 holds. Let us denote the natural inclusions by i ∶W 0 →W, ι ∶ V 0 → V . We then
have the following commutative diagram
(2.1.2)
V 0 V
W 0 W
ι
f0 f
i
AsOV = ι∗OV 0 andOW = i∗OW 0 , one obtains f∗OV = (f○ι)∗OV 0 = i∗f0∗OV 0 = ⊕χ∈G∗ i∗OW 0(Lχ).
This motivates defining Fχ = i∗OW 0(Lχ). Since W is a normal variety and Lχ is a line bundle
on W 0, it follows that Fχ is a reflexive sheaf on W and any such sheaf is uniquely deter-
mined by its restriction to W 0. The multiplication µ ∶ f∗OV ⊗OW f∗OV → f∗OV gives rise to
µχχ′ ∶ Fχ ⊗Fχ′ → Fχχ′ whose restriction on W 0 is 2.1.1: OW 0(Lχ +Lχ′) = OW 0(Lχχ′ +D0χ,χ′).
Take Di = D0i to be the closure of the divisor D0i mentioned above. Consequently, the multi-
plication map is fully determined by its restriction to W 0 and the following generalization of
Theorem 2.1 holds. We remark that this Theorem is proven (somewhat implicitely) for double
covers of normal varieties in [4], p.29 (a part on p.24) using a theory of double covers developed
in [4]. Here we stablish the result for all abelian covers using instead a result of [8] which states
that a reflexive rank 1 sheaf on a regular scheme is invertible.
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Theorem 2.2. Let G be an abelian group. Let V be a normal algebraic variety and let f ∶V →W
be an abelian cover with the Galois group G. With the notations as above, there exist a collection
of rank 1 reflexive sheaves (Fχ)χ∈G∗ and divisors (Di) on W such that the following set of linear
equivalences hold
(2.2.1) Fχ + Fχ′ ≡ Fχχ′ +Dχ,χ′ ∀χ,χ′ ∈ G∗.
Conversely, a set of data {Fχ}χ∈G∗ ,{Dχ,χ′} as above satisfying the relation 2.2.1 determines
an abelian cover.
Proof. The above explanations prove the first part of the theorem. For the converse, assume
that {Fχ}χ∈G∗ ,{Dχ,χ′} are given sets of rank one reflexive sheaves and divisors subject to
relations 2.2.1. Write V = Spec(⊕χ∈G∗Fχ), where ⊕χ∈G∗Fχ is a sheaf of OW -algebras with the
algebra structure given by the relations 2.2.1. Let Lχ = i∗Fχ = Fχ∣W 0 be the restriction of
Fχ on W 0. Since Fχ is a rank one reflexive sheaf, it follows from [8], Prop 1.9 that Lχ is an
invertible sheaf onW 0. Furthermore, it holds that Fχ = i∗Lχ so that Lχ is uniquely determined
by Fχ. By restricting the divisors Di to divisors D0i on W
0, relation 2.2.1 restricts to relations
2.0.1: Lχ+Lχ′ ≡ Lχχ′ +D0χ,χ′ . Now by Theorem 2.1 these relations determine the abelian cover
as claimed. 
2.1. Canonical bundle formula. As before, D denotes the branch divisor of f with irre-
ducible components Di. We have already remarked that the scheme V can be constructed
inside the (total space of the) vector bundle L = ⊕
χ∈G∗∖{1}
L−1χ by the equations 2.0.3 in terms of
the tautological section zχ of pull-back of the bundle Lχ to L and the local defining equation
si ∈ H0(W,OW (Di)) for Di. Let p ∶ L → W be the bundle projection (we will use the same
notation for L and its total space). One can embed W in L by the zero section of p. Let the
branch divisor D be smooth (and reduced). As a closed subscheme, W is given inside L by the
equations zχ = 0. Let R = f−1(D). Suppose that the group of characters G∗ is generated by
the characters χj , j = 1,⋯, s. In this way, we obtain a so-called reduced building data Lj = Lχj
and any such data determines an abelian covers, see [11]. Then V is defined inside L by the
equations 2.0.3 and f = p∣V . Let L′ = s⊕
j=1
L−1j and consider the bundle projection p
′ ∶ L′ →W .
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Note that the equations 2.0.3 imply that V has at most singularities over the singular points of
the branch divisor D. The next result generalizes [2], Lemma 17.1.
Theorem 2.3. Let G be a finite abelian group. Let V be a normal algebraic variety and W a
smooth one and let f ∶V →W be an abelian cover of degree n with Galois group G such that the
linear equivalences 2.1.1 hold and the branch divisor D is smooth. Then we have:
(1) OV (Rred) = f∗L′.
(2) f∗D = nRred.
(3) KV = f∗(KW ⊗L′n−1).
Proof. Consider the ideal sheaf OL(B) of the closed subscheme W in L. By the equations of
W given by the reduced building data mentioned above, it follows that OL(B) = p∗L′. By
considering the equations of V inside L, one sees that V and W intersect transversaly in Rred
inside L and so: OV (Rred) = OL(B)∣V = f∗L′. Part (3) is a result of the usual Hurwitz formula
and the fact that the ramification divisor of f is equal to (n−1)Rred together with (1) above. 
Now suppose that V and W are normal varieties, not necessarily smooth. Using Theorem 2.2,
we can extend Theorem 2.3 to normal varieties. Let us remark that for a normal variety X ,
j ∶ X0 ↪ X a smooth part of X having complement of codimension ≥ 2, we have ωX = j∗ωX0 ,
see [13], Corollary (8). Furthermore, as in Theorem 2.2, we have reflexive sheaves Lχ = i∗L0χ,
where i ∶W 0 ↪W is as in diagram 2.1.2 and L0χ is invertible on W
0. In particular, L′ = i∗L′0 =
i∗( s⊕
j=1
(L0j)−1).
Proposition 2.4. Let V and W be normal varieties and f ∶V → W be an abelian cover with
Galois group G. With the notations as above we have KV = f∗(KW ⊗L′n−1).
Proof. Let V ′ = Reg(V ) ∩ f−1(Reg(W )) = V 0 ∩ f−1(W 0) and W ′ = f(V ′). As both V and
W are normal and f is finite by assumption, it follows that the complement of V ′ and hence
of W ′ is of codimension ≥ 2. As in the proof of Theorem 2.2, the sheaf L′ defined above is
reflexive. The above remarks imply that KW = i∗KW ′ and KV = ι∗KV ′ , where ι ∶ V ′ ↪ V (resp.
i ∶W ′ ↪W ) is the natural inclusion. The claim now follows from this together with Theorem
2.3(3). 
2.2. Field Extensions.
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2.2.1. Kummer Theory. Let K be a field which contains n distinct n-th roots of unity with
n > 1. A Kummer extension of K is a (finite) Galois field extension L/K whose Galois group
G is abelian. Kummer theory asserts that any such Galois extension comes from adjoining
n-th roots of unity from elements of K∗. In other words, there are a1,⋯, at ∈ K∗ such that
L =K(a 1n1 ,⋯, a
1
n
t ). Moreover, if K∗ is the multiplicative group of K, then Kummer extensions
of exponent n are in bijection with subgroups of the group K∗/(K∗)n. The correspondence can
be described explicitly as follows. Given a subgroup
∆ ⊆K∗/(K∗)n
the corresponding extension is given by
L =K(∆ 1n ),
where ∆
1
n = {a 1n ∣ a ∈K∗, a⋅ (K∗)n ∈∆} it also holds that
Gal(L/K) ≅∆.
Now let f ∶V →W be a Galois covering of algebraic varieties. It gives an extension of the corre-
sponding function fields C(W ) ⊆ C(V ). If G is the Galois group of f , then Gal(C(V )/C(W )) ≅
G. If G = ⟨σ1,⋯, σs⟩ is furthermore an abeian group, then C(V )/C(W ) is a Kummer ex-
tension. Let us use the same notation for elements of G, elements of C(V )/C(W ) and the
corresponding automorphisms of V . Setting ord(σi) = mi, by the above description one has
C(V ) = C(W )( m1√f1,⋯, ms√fs) = C(W )(v1,⋯, vs), with fi ∈ C(W ) and σj ⋅vi = ζδijmi ⋅vi, where
δij is the Kronecker delta and ζmi = ζ
m
mi
m is a primitive mi-th root of unity (ζm being a primitive
m-th root of unity).
3. Structure of metabelian Galois coverings
Definition 3.1. A metabelian (resp. metacyclic) group G is a group that has an abelian (resp.
cyclic) normal subgroup A such that G/A is also abelian (resp. cyclic). In other words, it is an
extension of an abelian (resp. cyclic) group by an abelian (resp. cyclic) group.
The above definition is equivalent to saying that metabelian groups are precisely the solvable
groups of derived length at most 2.
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Suppose
(3.1.1) 0→ A→ G→ N → 0
is the extension mentioned in Definition 3.1 with A,N abelian. It is straightforward to see that
the very definition of a metabelian group implies that G is metabelian if and only if G has the
following presentation
(3.1.2)
⟨σ1,⋯, σs, τ1,⋯, τl ∣ σiσj = σjσi, τiτj = τjτi, σmii = 1, σiτj = τjσr1ij1 ⋯σrsijs , τajj = σk1j1 ⋯σksjs ⟩
Here A = ⟨σ1,⋯, σs⟩ and N = ⟨τ1,⋯, τ l⟩, and τ j denotes the image of τj in N = G/A.
Now Let G be a finite metabelian group as above, X a normal algebraic variety over C with
G ⊂ Aut(X) and Y a smooth complex algebraic variety such that X/G = Y and the cover
π ∶ X → Y is Galois. We are interested in the quotient X → X/G ∶= Y in the case that
this map yields a Galois covering of algebraic varieties. The factorization 3.1.1 gives rise to a
factorization π∶X
p
Ð→ Z
q
Ð→ Y where p, q are the corresponding intermediate abelian Galois covers,
i.e., p∶X → Z = X/A is an abelian Galois covering with Galois group A and q∶Z → Y = Z/N
is an abelian Galois covering with Galois group N . Therefore to study the Galois covering
π∶X → Y , it is helpful to study these intermediate abelian coverings. We will use the theory
of abelian Galois coverings that we explained in Section 2 (developed in [5] and [11]) to study
π∶X → Y by looking at these intermediate abelian coverings.
Explicitely, Z =X/A is a normal variety, but not in general smooth. By Theorem 2.2, the cover
p∶X → Z is determined by the existence of rank one reflexive sheaves (Fχ)χ∈A∗ , and reduced
effective divisors (Di) on Z without common components such that 2.2.1 holds. The multiplica-
tion map µχχ′ ∶ Fχ ⊗Fχ′ → Fχχ′ is fully determined by its restriction to Z0. Before stating our
structure theorem, let us introduce the following notation: Suppose χ is an irreducible character
of the abelian group A = ⟨σ1,⋯, σs⟩. Let τj ∈ N . Since A is a normal subgroup of G,τ−1j σuτj ∈ A
for every u = 1,⋯, s. We define a new character χ(1)j of A by χ(1)j (σu) = χ(τ−1j σuτj) for every
u = 1,⋯, s. Since χ is an irreducible character, χ(1)j is also irreducible. In particular for each
γ ∈ N one can define a character χ(γ)j of A by setting χ(γ)j (σu) = χ(τ−γj σuτγj ). By presentation
3.1.2, it is clear that χ
(aj)
j = χ.
Now, we are ready to state our theorem that describes the structure of metabelian Galois covers.
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Theorem 3.2. (Structure theorem for metabelian covers) A metabelian Galois cover π∶X → Y
is determined by the following data:
(1) Line bundles (Lη)η∈N∗ and reduced effective divisors B1⋯,Bl on Y such that Lη +Lη′ ≡
∑ ǫiηη′Bi.
(2) Reduced effective Weil divisors D1,⋯,Dn on Z = Spec(⊕L−1η ) identifying the character
χi with i such that τj(Dχi) = Dχ(1)
ij
, where χ
(1)
ij is the character of A associated to χi
defined above.
(3) Rank one reflexive sheaves Fχ1 ,⋯,Fχn on Z such that the linear equivalence 2.2.1 holds
and for every γ ∈ N, τjγ(Fχi) = Fχ(γ)
ij
, where χ
(γ)
ij is defined above. Furthermore, τj
aj
acts on the local sections of Fχi as multiplication by exp( 2π
√−1kij
mi
).
Proof. (1) yields a flat abelian cover q∶Z → Y , where Z = Spec(⊕L−1η ). Next, define X ∶=
Spec(⊕χ∈N∗Fχ). The OZ -algebra structure is given by the morphisms Fχ ⊗Fχ′ → Fχχ′ which
is uniquely determined by the restriction to Z0 as Z is normal. Let gk be the local equation
for Dk, i.e., a function on Z such that Dk = {gk = 0}. As Fχi is locally-free on Z0 ([8], Prop
1.9), choose local generators eχi and we set eχ(γ)
ij
= τjγ∗(eχi). The algebra structure on the
restriction of ⊕χ∈N∗Fχ on this local open subset is given by
eχieχj = eχiχj ∏gǫ
k
ij
k
.
If we choose different generators e˜χi satisfying the same equations e˜χ(γ)
ij
= τjγ∗(e˜χi), then the
algebra structure is isomorphic to the above algebra. Due to relations τj(Dχi) = Dχ(1)
ij
one
concludes that the morphism τj
∗ defines a morphism of OZ-algebra on ⊕χ∈N∗Fχ. Finally,
relations at the end of (3) ensure that the τj
aj ∗ satisfy the relation of 3.1.2. 
With the notations of Theorem 3.2, we define Uχ ∶= q∗(Fχ) for every χ ∈ A∗. This sheaves will
be very useful in the sequel.
Proposition 3.3. τj ∶X → X induces an isomorphism τ∗j ∶Uχi → Uχ(1)
ij
and τ∗
aj
j ∶Uχi → Uχi is
f ↦ exp( 2π
√−1kij
mi
)f .
Proof. Let V ⊂ Y be an open set. Then Uχi(V ) = Fχi(q−1(V )) is the set of regular functions
f ∈ π−1(OX(V )) such that σ∗j f = exp( 2π
√−1δij
mi
)f . The relations in the presentation 3.1.2 imply
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that f ↦ τ∗f induces the morphism τ∗∶Ui → Uχ(1)
ij
of OY -modules. That τ∗j and the last claim
both follow also from the last equalities in 3.1.2, namely τ
aj
j = σk1j1 ⋯σksjs . 
Using Proposition 3.3, we can analyze the local behavior of the intermediate branch divisor
Dp and the sheaves Uχ as follows: Since τ j induces a bijection A
∗ → A∗ by χi ↦ χ
(1)
ij it
follows that it also induces τ∗jDp0 = Dp0 . So Dp0 = ∑
α
(Dp0)α, which we view as a Weil divisor
on Z0, is invariant under the action of τ j ∶ Z
0 → Z0 induced by τj for every j and hence
there exists an effective Cartier divisor ∆j
p0
such that (τ0j )∗∆jp0 = Dp0 , where τ0j = τj ∣Z0 . Let
∆j,α
p0
= (τ0j )∗(Dp0)α. We define
∆jp =∆jp0 , ∆j,αp =∆j,αp0 .
Let µχ,χ′ ∶ Uχ ⊗Uχ′ → Uχχ′ be the multiplication map. Notice that U1 = q∗OZ so in particular,
µχ,χ−1 ∶ Uχ ⊗Uχ−1 → U1 = OY ⊕L1 ⊕⋯⊕Lt−1,
where the Li are line bundles related to the abelian cover q as in Theorem 3.2. Let us consider
the multiplication map µ
χi,(χ(1)ij )
−1 . By using the isomorphism in Proposition 3.3, we obtain
a map µ
χi,(χ(1)ij )
−1 ∶ Uχi ⊗ Uχ−1
i
→ U1 = q∗OZ = OY ⊕ L1 ⊕ ⋯ ⊕ Lt−1. Write µα
χi,(χ(1)ij )
−1 =
prα ○µ
χi,(χ(1)ij )
−1 ∶ Uχi ⊗ Uχ−1
i
→ Lα for 0 ≤ α ≤ t − 1. We may therefore consider µα
χi,(χ(1)ij )
−1 ∈
H0(Y,Uχi ⊗Uχ−1i ⊗L−1α ). For each y ∈ Y , let µαχi,(χ(1)ij )−1,y be the stalk of µ
α
χi,(χ(1)ij )
−1 at y. Note
that since Z is normal, the singular locus is of codim ≥ 2, so the divisor of zeros of µα
χi,(χ(1)ij )
−1
is determined by restricting to Z0 and Y 0. So we may (and do) assume that Z is smooth. If
uχi , uχ−1i
are basis elements of Uχi and Uχ−1i repectively, then uχi⊗uχ−1i is a basis for Uχi⊗Uχ−1i .
Note that Uχi and Uχ−1
i
are considered as regular functions on a neighborhood of π−1(y) such
that σ∗r (uχi) = χi(σr)uχi (analogous for uχ−1i ). Choose local analytic coordinates such that Z
is given locally by the equation zt = y1. Suppose eχi is basis of Fχi and eχ−1i is basis of Fχ−1i .
Let
uχi = 1⋅ eχi , uχ−1
i
= z⋅ eχ−1
i
Notice that we have τ∗j (eχ−1i ) = e(χ(1)
ij
)−1 and τ
∗
j (z) = ζaj ⋅ z. Replacing these relations gives
µα
χi,(χ(1)ij )
−1(uχi ⊗ uχ−1
i
) = eχi ⋅ τ∗j (e(χ(1)
ij
)−1) = ζt⋅ (eχieχ−1i )α = zbp,α,
where bp,α is a local equation of (Dp0)α and the last equality is due to 2.2.1.
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3.1. Invariants of metabelian covers. Consider the metabelian cover π∶X
p
Ð→ Z
q
Ð→ Y with
p, q abelian covers of degree m and t respectively. Therefore, using Theorem 2.4, one can
compute the invariants of the cover. Indeed, let L′q be the reflexive sheaf associated to the
abelian cover q as in Theorem 2.4 and let Fi = Fχi be the reflexive sheaves in the structure
theorem 3.2. We have
(3.3.1)
π∗ωX = q∗(p∗ωX) = q∗(ωZ ⊗ p∗OX) = q∗(q∗(ωY ⊗L′t−1q )⊗ (⊕Fi)) =
q∗((⊕Fi)⊗ q∗(ωY ⊗L′t−1q )) = q∗(⊕Fi)⊗ ωY ⊗L′t−1q =
(⊕Ui)⊗ ωY ⊗L′t−1q = ⊕(ωY ⊗L′t−1q ⊗Ui))
In the above, Uj = q∗(Fj) and we have used the projection formula together with the fact that
ωZ = q∗(ωY ⊗L′t−1q ) by Theorem 2.4.
Results for metacyclic covers
As mentioned in Definition 3.1, A finite metacyclic group G is an extension of a finite cyclic
group by a finite cyclic group, namely the following special case of 3.1.1:
(3.3.2) 0→ ⟨σ⟩→ G→ ⟨τ⟩ → 0
As a special case of metabelian groups, metacyclic groups are precisely the groups with the
following presentation which also follows directly from presentation 3.1.1.
(3.3.3) G = Gm,k,t,r ∶= ⟨σ, τ ∣σm = 1, σk = τ t, στ = τσr⟩.
The numbers m,k, t and r are subject to the following conditions
(3.3.4) rt ≡ 1 (mod m), kr ≡ k (mod m), and gcd(r,m) = 1.
Note that it follows from the presentation 3.3.3 that ∣G∣ = mt. Let us remark that in the
presentation 3.3.3, we always mean that ord(σ) = m and ord(τ) = t, where τ is the class
of τ in G/⟨σ⟩. This is equivalent to saying that t is the smallest positive integer such that
τ t ∈ ⟨σ⟩. This assumption together with the relations and conditions in 3.3.3 and 3.3.4 imply
that ord(τ) = mt
gcd(k,m) . In particular, G is an abelian (in fact cyclic) group if gcd(k,m) = 1.
Since we are mainly interested in non-abelian covers, we may and do henceforth assume that
gcd(k,m) > 1. Furthermore, we emphasize that the quadruple (m,k, t, r) is not an invariant of
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the group, i.e., it may happen that Gm,k,t,r ≅ Gm′,k′,t′,r′ , but {m,k, t, r} ≠ {m′, k′, t′, r′}. For
instance G36,6,0,19 ≅ G12,18,0,7. If t = ord(τ), then we take k =m and the group Gm,k,t,r is called
split. In this case, G = AN where A = ⟨σ⟩ and N = ⟨τ ⟩.
Before exploring the metacyclic covers in some detail, let us mention that the structure theorem
for metabelian covers, Theorem 3.2, takes the followsing special form when the Galois group is
metacyclic.
Theorem 3.4. (Structure theorem for metacyclic covers) Let Y be a smooth algebraic variety.
The following data determine a Gm,k,t,r-cover π∶X → Y .
(1) A line bundle L and an effective reduced divisor Bq such that L⊗t =OY (−Bq)
(2) Reduced effective Weil divisors D1⋯,Dm on Z ∶= Spec(OY ⊕ L−1 ⊕ ⋯ ⊕ L−(t−1)) such
that τ(Di) =Dri. Here τ is an automorphism of order t of q∶Z → Y .
(3) Rank one reflexive sheaves F1,⋯,Fm on Z flat over OY such that the following rela-
tions are satisfied: τ(Fi) = Fri and such that τ t acts on the local sections of Fi as
multiplication by exp( 2π√−1k
m
).
Proof. A special case of Theorem 3.2. However, we remark that in this case, X ∶= Spec(OZ ⊕
F1 ⊕⋯⊕Fm−1) and the OZ-algebra structure is given by the morphisms Fi ⊗Fj → Fi+j (Here
i + j is the sum in Z/mZ) which is uniquely determined by the restriction to Z0 as Z is normal.
As Fi is locally-free on Z0, there are local generators ei and we set eri = τ∗(ei). The algebra
structure on the restriction of OZ ⊕F1 ⊕⋯⊕Fm−1 on this local open subset is given by
eiej = ei+j∏ gǫ
s
ij
s ,
where gs is the local equation for Ds. If we choose different generators e˜i satisfying the same
equations e˜ri = τ∗(e˜i), then the algebra structure is isomorphic to the above algebra. Due to
relations τ(Di) = Dri one concludes that the morphism τ∗ defines a morphism of OZ -algebras
on OZ⊕F1⊕⋯⊕Fm−1. Finally, the proposed relations at the end of (3) ensure that this defines
a morphism which satisfies the generator-relation 3.3.2, namely that τ∗ = σk∗. 
3.2. Complex representations of metacyclic groups. Complex irreducible representations
of finite metacyclic groups have been determined in [1]. Let us explain, albeit with slightly
different notations, the results of [1]. Let Um = {z ∈ C ∣ zm = 1} and consider the map
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αr ∶Um → Um, ζ ↦ ζr. So the group ⟨αr⟩ acts on Um. For ζ ∈ Um, let t(ζ) be the size of the
orbit of ζ under the action of ⟨αr⟩. Then t(ζ)∣t. Let {ζ1,⋯, ζs} be a set of representatives
of the distinct orbits of Um. Denote the size of an orbit with representaitve ζi by t(ζi) for
i = 1,⋯, s. Complex irreducible representations are classified as follows. Consider the matrices
Tζ,θ ∈ GL(t(ζ),C) given by
(3.4.1) Tζ,θ(σ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣
ζ 0
ζr
⋱
0 ζr
t(ζ)−1
⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
, Tζ,θ(τ) =
⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣
0 0 . . . θ
1 0 . . . 0
0 1 0 . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . 1 0
⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
The (inequivalent) complex irreducible representations ofGm,k,t,r are precisely Tζi,θ ∈ GL(t(ζi),C)
where 1 ≤ i ≤ s and θ runs over the solutions of θ tt(ζi) = ζki . Therefore the number of (inequiv-
alent) complex irreducible representations of Gm,k,t,r is equal to ν = t
s
∑
i=1
1
t(ζi)
. Let ζi = ξlim,
where ξm is a primitive m-th root of unity. We have
Theorem 3.5. Let Y be a smooth variety and π∶X → Y a flat Gm,k,t,r-cover with X normal
and let p∶X → Z and q∶Z → Y be the intermediate coverings of degrees m and t respectively.
Then
(3.5.1) π∗OX = ⊕νi=1(π∗OX)i,
where the summands are as follows: If ζi is a representative of an orbit such that t(ζi) = t, then
(3.5.2) (π∗OX)i = Uli ⊕Urli ⊕⋯⊕Ur(t(ζi)−1)li ,
is precisely the eigensheaf associated to the irreducible representation Tζi,ζki of 3.4.1, where
Uj = q∗(Fj). If t(ζi) < t, then (π∗OX)i is the sum of eigensapces comming from metacyclic
intermediate covers X/H → Y .
Proof. If t(ζi) = t, then it is clear from the description of the irreducible representations of
metacyclic groups 3.4.1 that the above sum is in the eigenspace associated with the irreducible
representation ρi. On the other hand, such an eigensheaf is a free OY [Gm,k,t,r]-module of
rank (dimρi)2. Since t(ζi) = t, the above sum is precisely of rank t2 = t(ζi)2 = (dimρi)2.
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Consequently, (π∗OX)i is precisely the eigensheaf associated to ρi. If t(ζi) < t, then the
sections of the line bundles associated to the irreducible representation described in 3.4.1, are
invariant under a non-trivial subgroup H , hence they descend to regular functions on X/H . As
any subgroup of a metacyclic group is itself metacyclic, the cover X/H → Y mentioned above
is again a metacyclic cover with Galois group H . 
Example 3.6. (Catanese-Perroni [4], p.23) Let π∶X → Y be a Dn-cover. Then if n is odd,
there is only one orbit {1} in Un such that t(1) = 1 and there are n−12 orbits with t(ζi) = 2.
The sections arising from the bundle associated to this orbit are invariant under the cyclic
subgroup H = ⟨σ⟩, so they descend to sections on Z hence π∗OX = OY ⊕L
n−1
2⊕
i=1
(π∗OX)i, where
OY ⊕L = q∗OZ . If n is even, there are two orbits {1},{−1} such that t(1) = t(−1) = 1 and there
are n−2
2
orbits with t(ζi) = 2. The sections arising from the bundle associated to the above
mentioned two orbits are invariant under the subgroup H = ⟨σ2, τ⟩, so they descend to sections
of the Z2 × Z2-cover X/H → Y . Consequently we have π∗OX = OY ⊕L ⊕M⊕N
n−2
2⊕
i=1
(π∗OX)i,
where the first summands correspond to the intermediate abelian cover X/H .
If t is a prime number, Theorem 3.5 gives more information about Gm,k,t,r-covers.
Corollary 3.7. Let Y be a smooth complex algebraic variety and π∶X → Y a flat Gm,k,t,r-
cover with X normal and suppose that p∶X → Z and q∶Z → Y are the intermediate coverings
of degrees m and t respectively, where t is a prime number. Then
(3.7.1) π∗OX = ⊕νi=1(π∗OX)i.
The eigensheaves (π∗OX)i are described as follows: Let b = gcd(r − 1,m) and h = m−bt (this is
an integer). If i ≥ h, then
(3.7.2) (π∗OX)i = Uli ⊕Urli ⊕⋯⊕Ur(t(ζi)−1)li ,
is the eigensheaf associated to the irreducible representation Tζi,ζki of 3.4.1, where Uj = q∗(Fj).
Proof. By the description of the irrducible representations in 3.4.1, an ⟨αr⟩-orbit with represen-
tative ζi = ξlim satisfies t(ζi) = 1 if and only if m∣li(r − 1). Therefore there are b = gcd(r − 1,m)
orbits with t(ζi) = 1. As t is a prime number and t(ζi)∣t, all the other orbits have t(ζi) = t and
there are h = m−b
t
of these. Theorem 3.5 then yields the remaining assertions. 
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Proposition 3.8.
The automorphism τ ∶X →X induces an isomorphism τ∗∶Ui → Uri and τ
∗t ∶Ui → Ui is the map
f ↦ exp( 2π√−1k
m
)f .
Proof. Let V ⊂ Y be an open set. Then Ui(V ) = Fi(q−1(V )) is the set of regular functions
f ∈ π−1(OX(V )) such that σ∗f = exp( 2π
√−1i
m
)f . The relation στ = τσr implies that f ↦ τ∗f
induces a morphism τ∗∶Ui → Uri of OY -modules. The last claim follows since rt ≡ 1 (mod m)
and τ t = σk. 
3.3. Function fields of metacyclic covers. Consider a metacyclic Galois covering f ∶X → Y
with the Galois group Gm,k,t,r defined as above with the intermediate cyclic coverings p∶X → Z
and q∶X → Z of degrees m and t respectively. Recall from Sction 2.2.1, these morphisms give
rise to field extension C(Y ) ⊂ C(Z) ⊂ C(X) of the corresponding function fields. Let A = ⟨σ⟩
and N = ⟨τ ⟩ with ord(σ) =m and ord(τ) = t. Then
C(X) = C(Z)( m√g) = C(Z)(v), g ∈ C(Z), σ⋅v = ζm⋅v,(3.8.1)
C(Z) = C(Y )( t√f) = C(Y )(w), f ∈ C(Y ), τ .w = ζt⋅w(3.8.2)
where ζm (resp. ζt) denotes a primitve m-th (resp. t-th) root of unity. In particular, C(X) =
C(Y )(v,w). In this subsection we describe the fucntion fields and the extensions above following
[4], [11] and [14].
Proposition 3.9. Let π∶X → Y be a metacyclic Galois covering with the Galois group Gm,k,t,r
defined as above with the intermediate cyclic coverings p∶X → Z and q∶Z → Y . Then the
following hold:
(1) There exists α ∈ C(Z), such that τ(x) = αxr.
(2) Let c = rt−1
m
. Then gc = ξkmt
∏
i=1
τt−i(α)αrt−1
.
Proof. (1) Consider the element x−rτ(x). It holds that:
σ(x−rτ(x)) = σ(x−r)στ(x) = σ(x−r)τσr(x) = ξ−rm x−rτ(ξrmx) = x−rτ(x).
It follows that x−rτ(x) is invariant under σ, i.e., x−rτ(x) ∈ C(X)⟨σ⟩ = C(Z). This
proves the first claim.
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(2) Using the formula in (1) with α ∈ C(Z), one calculates that
ξkmx = σk(x) = τ t(x) =
t
∏
i=1
τ t−i(α)αrt−1xrt = t∏
i=1
τ t−i(α)αrt−1gcx.
Which settles (2).

Lemma 3.10. (1) If h ∈ C(Z), then F ∶= hτ(h)τ2(h)⋯τ t−1(h) ∈ C(Y ).
(2) Let P ∶= xτ(x)τ2(x)⋯τ t−1(x). Then there exists u ∈ N with u∣gcd(r − 1,m) such that
Pu ∈ C(Y ).
Proof. (1) Since h ∈ C(Z), F = hτ(h)τ2(h)⋯τ t−1(h) = hτ(h)τ2(h)⋯τ t−1(h) ∈ C(Z). It
therefore suffices to show that this element is invariant under the action of τ . Indeed
(3.10.1) τ(F ) = τ(h)τ2(h)⋯τ t−1(h)τ t(h).
But τ t = σk and so τ t(h) = σk(h) = h, because h ∈ C(Z) by assumption and hence it is
invariant under σ.
(2) By Proposition 3.9, α = x−rτ(x) ∈ C(Z) so using 3.10.1 above, we have
ατ(α)τ2(α)⋯τ t−1(α) = ξkm(xτ(x)τ2(x)⋯τ t−1(x))−(r−1) ∈ C(Y ).
Note that τ t(x) = σk(x) = ξkmx. For the last assertion, notice that xm = g ∈ C(Z) and
it follows by setting h = xm in 3.10.1 that
hτ(h)τ2(h)⋯τ t−1(h) = (xτ(x)τ2(x)⋯τ t−1(x))m ∈ C(Y ).
Now take u to be the smallest positive integer such that (xτ(x)τ2(x)⋯τ t−1(x))u ∈
C(Y ). By the minimality of u, it follows that u∣gcd(r − 1,m).

In the special case t = 2, the above results can help to determine the structure of metacyclic
extensions.
Proposition 3.11. Let C(Y ) ⊂ C(X) be a Gm,k,2,r- extension. There exist a ∈ C(Y ) and
x,P ∈ C(X) with
x2m − 2axm +Pm = 0,
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where P ∈ C(X) is such that there exists u∣gcd(r − 1,m) with Pu ∈ C(Y ) (in particular, Pm ∈
C(Y )) and C(X) = C(Y )(x) and the Gm,k,2,r-action is given by σ(x) = ξmx where ξm is a
primitive m-th root of unity in C and τ(x) = P
x
.
Conversely, given m,k, r satisfying 3.3.4 (with t = 2) and a ∈ C(Y ), if P = αxr+1 is such
that α ∈ C(Y )[xm] and x2m − 2axm + Pm is irreducible (in C(Y )[x]) then C(Y )[x]
(x2m−2axm+Pm)
is a Gm,k,2,r- Galois extension of C(Y ) with the Gm,k,2,r- action given by σ(x) = ξmx and
τ(x) = P
x
= αxr.
Proof. Let P ∶= xτ(x) ∈ C(X) and u ∈ N be the smallest positive integer such that Pu ∈ C(Y )
as in Lemma 3.10. By Lemma 3.10 (2), u∣gcd(r − 1,m). In particular Pm ∈ C(Y ). More
explicitely, since t = 2, we may write xm = g = a + z with a ∈ C(Y ) and we have
Pm = (xτ(x))m = xmτ(xm) = (a + z)(a − z) = a2 − z2 = a2 − f.
So f = a2 −Pm. On the other hand, xm = a + z and the above calculation gives
x2m − 2axm +Pm = 0.
Of course, by Proposition 3.9, we know that P = αxr+1 with α ∈ C(Z).
For the converse statement, one checks that by the choice of P , there is an action of Gm,k,2,r
on C(X) = C(Y )[x]
(x2m−2axm+Pm) . This action is Galois as the latter contains all of the conjugates of
x under Gm,k,2,r. 
Special case: dicyclic Covers. The so-called dicyclic group is in our compact notation the
metacyclic group G2n,n,2,−1, where n ∈ Z. They are therefore precisely the extensions of Z2
by cyclic groups. In this case as in the proof of 3.9 (1), we see that since t = 2, the element
xτ(x) ∈ C(X)⟨σ⟩ = C(Z) and hence xτ(x) = a + bz with a, b ∈ C(Y ). Futhermore, we have
τ(xτ(x)) = −xτ(x) which forces a = 0, and we may assume b = 1. That is xτ(x) = z or τ(x) = z
x
.
In particular, τ(x)2 = f
x2
with z2 = f ∈ C(Y ). Now, x2n = g ∈ C(Z) and hence x2n = g = c + dz
with c, d ∈ C(Y ).
fn = z2n = x2nτ(x2n) = x2nτ(x2n) = x2n(c − dz) = (c + dz)(c − dz) = c2 − d2f
On the other hand, x2n = g = c + dz together with the above computations imply
x4n − 2cx2n + c2 − d2f = x4n − 2cx2n + fn = 0,
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with c, d, f ∈ C(Y ). We summarize this discussion in the following
Corollary 3.12. Let C(Y ) ⊂ C(X) be a G2n,n,2,−1- extension. Then there exists c, f ∈ C(Y )
and x ∈ C(X) such that C(X) = C(Y )(x) and
x4n − 2cx2n + c2 − d2f = x4n − 2cx2n + fn = 0,
where σ(x) = ξ2nx and τ(x)2 = fx2 and ξ2n is a primitive 2n-th root of unity in C. Conversely,
given c, f ∈ C(Y ) and x ∈ C(X) such that x4n − 2cx2n + fn is irreducible in C(Y )[x], then
C(Y )[x]
(x4n−2cx2n+fn) is a G2n,n,2,−1- extension of C(Y ) with the group action described above.
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